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We propose a new method to extract the CP violating weak phase γ in the CKM paradigm of the Standard Model, using B− →
D0pi− → fpi− and B− → D¯0pi− → fpi− decays, where f are final states such as K+pi−, K+ρ−, Kpipi, etc. We also study the
experimental feasibility of our new method. With possibility of new phases in the CKM matrix, we re-examine some of the previously
proposed methods to determine γ, and find that it would be in principle possible to identify γ and a new phase angle θ separately.
The source for CP violation in the Standard Model
(SM) with three generations is a phase in the Cabibbo-
Kobayashi-Maskawa (CKM) matrix 1. One of the main
goals of B factories is to test the SM through measure-
ments of the unitarity triangle of the CKM matrix. An
important way of verifying the CKM paradigm is to mea-
sure the three angles 2,
α ≡ Arg[−(VtdV∗tb)/(VudV∗ub)],
β ≡ Arg[−(VcdV∗cb)/(VtdV∗tb)],
and γ ≡ Arg[−(VudV∗ub)/(VcdV∗cb)], (1)
of the unitarity triangle independently of many experi-
mental observables and to check whether the sum of these
three angles is equala to 1800, as it should be in the
paradigm. It is well known that among the three angles,
γ would be the most difficult to determine in experiment.
There have been a lot of works to propose methods mea-
suring γ using B decays, but at present there is no gold-
plated way to determine this angle. In particular, a class
of methods using B → DK decays have been proposed
3,4,5,6,7.
We present a new method for determining γ, which
is similar to the Atwood-Dunietz-Soni (ADS) method 5,
but we use B → Dpi decays instead of B → DK decays
used in the ADS method. The CLEO Collaboration have
observed 8 that the branching ratio for B− → D0pi− is
much larger than that for B− → D0K−,
B(B− → D0K−)
B(B− → D0pi−) = 0.055± 0.014± 0.005 . (2)
We consider the decay processes B− → D0pi− → fpi−,
B− → D¯0pi− → fpi− and their CP-conjugate pro-
cesses, where D0 and D¯0 decay into common final states
a The sum of those three angles, defined as the intersections of
three lines, would be always equal to 1800, even though the three
lines may not be closed to make a triangle.
f = K+pi−, K+ρ−, Kpipi, and so forth. We note that the
decay mode B− → D¯0pi− is severely suppressed relative
to the mode B− → D0pi−, and this fact causes serious
experimental difficulties in using B− → D¯0pi− decay for
the Gronau-London-Wyler (GLW) method 3. However,
in our method one needs not to perform the difficult task
of measuring the branching ratio for B− → D¯0pi−, sim-
ilar to the case of the ADS method. The detailed ex-
perimental feasibility for our new method and the ADS
method is given later.
Note that the decay amplitudes of B− → D0pi− and
D0 → f contain the CKM factors V ∗udVcb and V ∗cdVus,
respectively, while the amplitudes of B− → D¯0pi− and
D¯0 → f contain the CKM factors V ∗cdVub = |V ∗cdVub|e−iγ
and V ∗udVcs = |V ∗udVcs|, respectively. We define the fol-
lowing quantities: (i = 1, 2)
a = A(B− → D0pi−) = |A(B− → D0pi−)|eiδa ,
b = A(B− → D¯0pi−) = |A(B− → D¯0pi−)|e−iγeiδb ,
ci = A(D
0 → fi) = |A(D0 → fi)|eiδci ,
c′i = A(D
0 → f¯i) = |A(D0 → f¯i)|eiδc′i ,
di = A(B
− → [fi]pi−), (3)
where A denotes the relevant decay amplitude and δ’s
are the relevant strong rescattering phases. Here [fi] in
di denotes that fi originates from a D
0 or D¯0 decay.
Similarly, we also define a¯, b¯, c¯i, c¯
′
i and d¯i as the CP-
conjugate decay amplitudes corresponding to a, b, ci, c
′
i
and di, respectively, such as d¯i = A(B
+ → [f¯i]pi+), etc.
Note that |x| = |x¯| with x = a, b, ci, c′i, but in general
|di| 6= |d¯i|, as shown below. Then, the amplitude di can
be written as
di = A(B
− → D0pi−)A(D0 → fi)
+A(B− → D¯0pi−)A(D¯0 → fi)
= aci + bc¯
′
i
1
= |aci|ei(δa+δci ) + |bc¯′i|e−iγe
i(δb+δc′
i
)
. (4)
Thus, |di|2 and |d¯i|2 are given by
|di|2 = |aci|2 + |bc¯′i|2 + 2|abcic¯′i| cos(γ +∆i),
|d¯i|2 = |aci|2 + |bc¯′i|2 + 2|abcic¯′i| cos(γ −∆i), (5)
where ∆i = δa − δb + δci − δc′
i
. We see that |di| 6= |d¯i|,
unless ∆i = npi (n = 0, 1, ...). The expressions in Eq. (5)
represent four equations for i = 1, 2. Now let us assume
that the quantities |a|, |ci|, |c′i|, |di| and |d¯i| are measured
by experiment, but |b| is unknown. Then there are the
four unknowns |b|, γ, ∆1, ∆2 in the above four equations.
By solving the equations one can determine γ, as well as
the other unknowns such as |b| = |A(B− → D¯0pi−)|.
In the ADS method 5, a, b and di in Eq. (3) are
replaced by
a = A(B− → D0K−) = |A(B− → D0K−)|eiδa ,
b = A(B− → D¯0K−) = |A(B− → D¯0K−)|e−iγeiδb ,
di = A(B
− → [fi]K−). (6)
Then, |di|2 and |d¯i|2 can be expressed by the same form
as in Eq. (5). Therefore, the phase γ can be determined
by solving the four equations (for i = 1, 2) with four un-
knowns |b|, γ, ∆1, ∆2. The impact on the ADS method
due to the large D0 − D¯0 mixing from new physics has
been studied in Ref. 9.
Now we study the experimental feasibility of our new
method and the ADS method, by solving Eq. (5) ana-
lytically,
cos(γ +∆i) =
|di|2 − |aci|2 − |bc¯′i|2
2|acibc¯′i|
,
cos(γ −∆i) = |d¯i|
2 − |aci|2 − |bc¯′i|2
2|acibc¯′i|
. (7)
To make a rough numerical estimate of the possible sta-
tistical error on determination of γ, we use the experi-
mental result, Eq. (2), and the mean values for the CKM
elements;
B(B− → D0pi−) : B(B− → D0K−)
: B(B− → D¯0K−) : B(B− → D¯0pi−)
≃ |VcbV ∗ud|2 : |VcbV ∗us|2
: |VubV ∗cs/Nc|2 : |VubV ∗cd/Nc|2
≈ A2λ4 × (1 : λ2 : λ2/36 : λ4/36)
≈ 100 : 5 : 0.15 : 0.007
∼ O(100) : O(10) : O(0.1) : O(0.01), (8)
where we used |Vub/Vcb| ≈ λ/2, the color-suppression
factor Nc = 3, λ = sin θC = 0.22, and A = Vcb/λ
2 is a
Wolfenstein parameter. In order to consider the decay
parts, ci, c¯
′
i, we choose the modes such as |c¯′i| >> |ci|,
e.g.,
|c(D0 → K+pi−)|2 : |c¯′(D¯0 → K+pi−)|2
= B(D0 → K+pi−) : B(D¯0 → K+pi−)
= (1.5± 0.3)× 10−4 : (3.8± 0.1)× 10−2
∼ O(1) : O(100), (9)
which makes
|aci|2(pi) : |aci|2(K) : |bc¯′i|2(K) : |bc¯′i|2(pi)
∝ O(100) : O(10) : O(10) : O(1). (10)
Therefore, if we assume the 1 % level precision in the
experimental determination for product of branching ra-
tios, e.g., ∆[B(B− → D0pi−) × B(D0 → K+pi−)] = 1%,
then we can set the numerical values, for B± → D(→
fi)pi
±,
|aci|2(pi) ≈ 100± 1, |bc¯′i|2(pi) ≈ 1± 0.1, (11)
and for B± → D(→ fi)K±,
|aci|2(K) ≈ 10± 0.3, |bc¯′i|2(K) ≈ 10± 0.3. (12)
Then, we can make rough estimate for the statistical er-
ror from Eq. (7) as
∆[cos(γ + θ ±∆i)(B± → D(→ fi)pi±)] ∼ 0.1,
∆[cos(γ ±∆i)(B± → D(→ fi)K±)] ∼ 0.05. (13)
We find the ADS method can give approximately twice
better precision statistically for determination of γ, com-
pared to our new method.
In fact, there is a general theorem 10:
NB ∝ 1/(BR(B → f)A2f ) , (14)
where NB is the number of B mesons needed, BR the
branching ratio of a decay mode, B → f , and Af the rel-
evant asymmetry. Now, as shown in Eq. (2), BR(ADS
method)/BR(our method )≃ 0.05. To determine the rel-
evant asymmetry Af , one has to calculate the following:
Af =
|di|2 − |d¯i|2
|di|2 + |d¯i|2
=
−2|abcic¯′i| sin γ sin∆i
|aci|2 + |bc¯′i|2 + 2|abcic¯′i| cos γ cos∆i
∼ 2|abcic¯
′
i|
|aci|2 + |bc¯′i|2
. (15)
For simplicity, we have considered the maximum asym-
metry in both methods. Using the experimental val-
ues given in Eqs. (2, 8 − 12), we can easily get
Af (ADS method)/Af (our method)≃ (5−10). Therefore,
2
NB(ADS method)/NB(our method)∼ (1− 0.2), which is
exactly consistent with the above prediction, Eq. (13),
where we have predicted the possible precision with the
same number of B mesons.
We note that our new method may have other ad-
vantages:
• The values of |di|2 and |d¯i|2 ∝ B(B± → [fi]pi±) are
an order of magnitude bigger than |di|2 and |d¯i|2 ∝
B(B± → [fi]K±). Therefore, if the present asym-
metric B-factories can produce only a handful of
such events because of the limited detector and
trigger efficiencies, our new method may be the first
measurable option.
• Systematic errors could be much smaller for our
new method due to the final state particle identi-
fication, i.e. fewer number of the final state pions
due to K → pipi, and the reconstruction of K.
Now we would like to make comments on new physics
effects on determination of weak phase γ. There can
be two independent approaches to find out new physics
beyond the SM, if it exists.
• The unitarity of CKM matrix can be assumed. In
this case, new physics effects can only come out
from new virtual particles or through new inter-
actions in penguin or box diagrams in B meson
decays. If this is the case, all the methods which
we mentioned above will extract the exactly same
γ.
• The CKM matrix can be generalized to the non-
unitary matrix. In this case, new physics effects can
appear even in tree diagram decays. And the values
of γ extracted from each method can be different.
Therefore, we will describe in more detail for this
second case.
In fact, in models beyond the SM, the CKM matrix
may not be unitary; for instance, in a model with an ex-
tra down quark singlet (or more than one), or an extra
up quark singlet, or both up and down quark singlets, the
CKM matrix is no longer unitary 11,12. If the unitarity
constraint of the CKM matrix is removed, the general-
ized CKM matrix possesses 13 independent parameters
(after absorbing 5 phases to quark fields) – it consists of
9 real parameters and 4 independent phase angles. The
generalized CKM matrix can be parameterized as 13
 |Vud| |Vus| |Vub|e
iδ13
|Vcd| |Vcs|eiδ22 |Vcb|
|Vtd|eiδ31 |Vts| |Vtb|eiδ33

 . (16)
With the possibility of the non-unitary CKM matrix,
one has to carefully examine the effects from the non-
unitarity on the previously proposed methods where the
unitarity of the CKM matrix was assumed to test the
SM for CP violation. From now on, we set γ ≡ −δ13 and
θ ≡ −δ22.
In the parameterization given in Eq. (16), using our
method, c′i in Eq. (3) is replaced by
c′i = |A(D0 → f¯i)|eiθe
iδ
c′
i . (17)
This leads to the result that the phase γ in the expres-
sions for |di|2 and |d¯i|2 in Eq. (5) should be replaced by
(γ+ θ). Therefore, in this case, our method can measure
the non-unitary phase (γ + θ).
In the ADS method, besides c′i is changed into the
one in Eq. (17), the phase γ in b is also replaced by
(γ − θ). As a result, the new phase θ is automatically
cancelled to disappear in the expressions for |di|2 and
|d¯i|2. Thus, the ADS method would still measure γ that
is the phase of V ∗ub.
The GLW method 3 was suggested for extracting
γ from measurements of the branching ratios of decays
B± → D0K±, B± → D¯0K± and B± → DCPK±, where
DCP is a CP eigenstate. However, the GLW method
suffers from serious experimental difficulties, mainly be-
cause the process B− → D¯0K− (and its CP conjugate
process B+ → D0K+) is difficult to measure in ex-
periment. That is, the rate for the CKM– and color–
suppressed process B− → D¯0K− is suppressed by about
two orders of magnitudes relative to that for the CKM–
and color–allowed process B− → D0K−, and it causes
experimental difficulties in identifying D¯0 through D¯0 →
K+pi− since doubly Cabibbo–suppressed D0 → K+pi−
following B− → D0K− strongly interferes with D¯0 →
K+pi− following the rare process B− → D¯0K−. With
the non-unitary CKM matrix, this method would mea-
sure the angle (γ − θ) 14, instead of γ as originally pro-
posed in Ref. 3.
In Ref. 6 two groups, Gronau and Rosner (GR), Jang
and Ko (JK), proposed a method to extract γ by ex-
ploiting Cabibbo–allowed decays B → DK(∗) and using
the isospin relations. In the GR/JK method, the decay
modes B → DK with the quark process b→ uc¯s contain
the CKM factor |VubV ∗cs|e−i(γ−θ) and their amplitudes
can be written as
A(B− → D¯0K−) =
(
1
2
A1e
iδ1 +
1
2
A0e
iδ0
)
e−i(γ−θ),
A(B− → D−K¯0) =
(
1
2
A1e
iδ1 − 1
2
A0e
iδ0
)
e−i(γ−θ),
A(B¯0 → D¯0K¯0) = A1eiδ1e−i(γ−θ), (18)
where Ai and δi denote the amplitude and the strong
re-scattering phase for the isospin i state. Note that the
weak phase angle (γ−θ) appears in Eq. (18) rather than
γ as in Ref. 6. In this method, three triangles are drawn
3
to extract 2γ, using the isospin relation
A(B− → D¯0K−) +A(B− → D−K¯0)
= A(B¯0 → D¯0K¯0) (19)
and the following relations
A(B− → D1K−)
= A(B¯0 → D1K¯0) + 1√
2
A(B¯0 → D+K−),
A(B+ → D1K+)
= A(B0 → D1K0) + 1√
2
A(B0 → D−K+), (20)
where D1 is a CP eigenstate of D meson, defined by
D1 =
1√
2
(D0 + D¯0). The appearance of (γ − θ) in Eq.
(18) results in extraction of 2(γ − θ), by this method,
rather than 2γ as in Ref. 6.
In conclusion, we have presented a new method to
determine γ = Arg(V∗ub) in the CKM paradigm of the
SM, using B− → D0pi− → fpi− and B− → D¯0pi− →
fpi− decays, where f = K+pi−, K+ρ−, Kpipi, etc. The
experimental feasibility of our method, comparing with
the ADS method, has been studied. With possibility
of new phases in the CKM matrix, we have re-examined
some of the previously proposed methods for determining
the weak phase γ using B → DK or B → Dpi decays.
We have shown that our method would extract (γ + θ)
with the new phase θ. The ADS method would measure
γ, while the GLW method or the GR/JK method would
measure (γ − θ). Thus, if one uses the above methods
independently and compares the results, it would be in
principle possible to identify γ and θ separately. If this
is the case and θ is not negligible, this would be a clear
indication of the new phase in the CKM matrix, i.e. an
effect from new physics.
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